Motivated by statements in the literature which contradict two general theorems, the static and spherically symmetric Brans solutions of scalar-tensor gravity are analyzed explicitly in both the Jordan and the Einstein conformal frames. Depending on the parameter range, these solutions describe wormholes or naked singularities but not black holes.
I. INTRODUCTION
Brans-Dicke theory [1] is the prototypical theory of gravity alternative to Einstein's General Relativity (GR). Not long after its introduction, it was generalized to scalar-tensor theories [2] and, with the advent of string theories, new interest was generated by the fact that the simple bosonic string theory reduces to a Brans-Dicke theory with coupling parameter ω = −1 [3] . The original Brans-Dicke theory contains a massless scalar field φ (acting approximately as the inverse of the gravitational coupling strength φ = G −1 eff ) and a dimensionless parameter ω which would naturally be of order unity, but is constrained by Solar System experiments to satisfy |ω| > 40000 [4] . For this reason, theorists have moved on to more sophisticated versions of Brans-Dicke theory, such as scalar-tensor gravities [2] in which ω becomes a function of the Brans-Dicke scalar field, which also acquires a mass or a self-interaction potential. In cosmology, 1 f (R) theories of gravity, which are ultimately classes of scalar-tensor theories with Brans-Dickelike scalar degree of freedom φ = f ′ (R), have become extremely popular to explain the current acceleration of the universe without invoking an ad hoc dark energy (see the reviews [5] [6] [7] ). It is natural, in this context, to search for analogues of the Schwarzschild solution of GR. Shortly after Brans-Dicke theory was introduced [1] , Brans presented four families of geometries which are static, spherically symmetric, vacuum solutions of the Brans-Dicke field equations [8] . Although there is legitimate suspicion that these solutions may not be very significant from the physical point of view (but the literature has contradictory statements about this point), it is often necessary to pick some simple (i.e., static, spherical, and asymptotically flat) solutions of an alternative theory of gravity as toy models for theoretical purposes or as physical * vfaraoni@ubishops.ca † fhammad@ubishops.ca ‡ sbelknapkeet02@ubishops.ca 1 Here R is the Ricci scalar associated with the connection of the spacetime metric g ab .
solutions to test a theory experimentally. Currently a large amount of work is devoted to testing deviations from GR in black hole environments (see, e.g., [9] ). The Brans solutions, being the first of their kind discovered in scalar-tensor or dilaton gravity, are a natural choice. However, they are surrounded by some ambiguity. According to a theorem by Agnese and La Camera [10] , all static and spherically symmetric solutions of (Jordan frame) Brans-Dicke theory are either naked singularities if the post-Newtonian parameter
The Brans-Dicke action in the absence of matter is
where φ is the Brans-Dicke scalar field (approximately equivalent to the inverse of the gravitational coupling), R is the Ricci scalar, and g is the determinant of the spacetime metric g ab . We follow the notation of Ref. [23] . The Brans-Dicke field equations in vacuo derived from the action (1.2) are [1] By performing the conformal transformation of the metric 5) and the scalar field redefinition 6) where φ * is a constant (Einstein frame quantities are denoted by a tilde), the Brans-Dicke action (1.2) assumes its Einstein frame form
This action formally looks like the Einstein-Hilbert action of GR in the presence of a matter scalar field endowed with canonical kinetic energy. The Einstein frame vacuum field equations arẽ
We now proceed to analyze the four classes of Brans solutions in the Jordan and in the Einstein conformal frames.
II. BRANS CLASS I SOLUTIONS
Class I Brans solutions have been discussed in several papers [13, 15, [24] [25] [26] [27] [28] [29] [30] [31] . It is found that these metrics can describe wormholes, which is not surprising since a Brans-Dicke-like scalar field in scalar-tensor gravity has a non-canonical kinetic energy and its effective stressenergy tensor on the right hand side of eq. (1.3) can violate all of the energy conditions. More recent solutions proposed in the literature [32] have been identified as special limits of Brans I solutions [15, 33] .
A. Jordan frame
In the Jordan frame representation, the Brans class I line element and scalar field are, respectively,
1)
in polar coordinates (t, r, θ, ϕ), where r is an isotropic radius and dΩ 2 (2) = dθ 2 + sin 2 θ dϕ 2 is the line element on the unit 2-sphere. It must be r ≥ 0 and [8] 
Here ω is a parameter of the theory and B, C, and λ are parameters of this family of solutions. B plays the role of a mass parameter and, in analogy with the Schwarzschild geometry of GR, it makes sense to consider only nonnegative values of this parameter. There are actually two other reasons why we restrict our study here to nonnegative values of B. The first reason is that one can still include the case B = 0, but then class I solutions simply reduce to the trivial Minkowski space. The second reason is that one can also include the case B < 0, but then, as we will shortly see, one just recovers the case of positive B by taking the mass parameter of the theory to be −B instead of B. Therefore, we shall hereafter assume B > 0. Once the Brans-Dicke coupling parameter ω of the theory is fixed, one has two independent parameters (B, C) or (B, λ), since eq. (2.3) relates λ and C. It is useful to restrict the parameter space and, to this end, we note that, according to our assumption that B > 0, only positive values of λ will be relevant here. In fact, consider as an example the simple case C = 0, in which the Brans-Dicke scalar φ reduces to a constant and eq. (2.3) yields λ = ±1. When φ is constant, Brans-Dicke theory reduces to GR and the Schwarzschild solution, which is the unique vacuum, static, and spherically symmetric solution of the Einstein equations must be recovered. By setting λ = 1 the line element (2.1) reduces to
(2.4) which is the Schwarzschild metric in isotropic coordinates [13] . If instead λ = −1, one obtains
This is again just the Schwarzschild solution provided that, either r → −r which we don't consider here [13] , or that B < 0 and, hence, as alluded to above, one then has just to interpret −B as the mass parameter instead of B; a case we have already chosen to exclude. Therefore, we also assume λ > 0 in the following. We can now study the limit of Brans I solutions to GR. When ω → ∞, it is λ 2 ≃ ω C 2 /2 → ∞ and, if C = 0 (the case C = 0 having already been discussed), the line element (2.1) reduces to
while the Brans-Dicke scalar becomes constant. If C = 0, the corresponding solution of GR is not recovered from Brans I solutions in the ω → ∞ limit. Instances in which solutions of scalar-tensor theories do not reduce to the corresponding GR limit have been discussed in [34] and possible reasons for this behaviour have been identified in the anomalous asymptotic dependence of φ on ω as ω → ∞ [34] [35] [36] . The condition (2.3) amounts to imposing that C is such that points on the parabola of equation
The roots of the equation λ 2 (C) = 0 are
and they are real only if ω ≤ −3/2. By looking at the sign of the coefficient (1 + ω/2) of this parabola, it is easy to establish that:
• If ω < −2, the parabola has concavity facing downward and intersects the C-axis at C ± > 0. It must be C − < C < C + .
• If ω = −2, then the parabola degenerates into the straight line λ 2 = C + 1 and it must be C > −1.
• If −2 < ω < −3/2, the parabola has concavity facing upward and it must be C < C − or C > C + , where C − < C + < 0.
• If ω = −3/2, then λ 2 = [(C + 2)/2] 2 and the parabola has concavity facing upward and touches the C-axis only at C = −2, therefore the only restriction is C = −2.
• If ω > −3/2, the concavity still faces upward but there are no intersections between the C-axis and the parabola, which always lies above it. There is no restriction on the values of C.
Let us consider now the Ricci scalar R: by contracting the Brans-Dicke field equations (1.3) and using eq. (2.2), one obtains
If ω = 0 and C = 0, then the Ricci scalar is singular at r = B when (C + 1)/λ < 2. Whether this value of the isotropic radius is physically significant is discussed case-by-case below. The areal radius is read off the line element (2.1) and is
and its derivative is
(2.11) In the following it is useful to know the roots of the equation dR/dr = 0, which are
In order to make our discussion of the various regions of the parameter space more compact, we focus on the possible values of the parameter combination (C + 1)/λ, which is relevant for both the roots of the equation dR/dr = 0 and in the search for horizons. The horizons (which, when existing, are both apparent and event horizons), are located by the roots of the equation [37, 38] 13) which is equivalent to
Its roots coincide with those of the equation dR/dr = 0 and, when they exist in the real domain, they are always double roots. Let us consider separately the various relevant cases. In this case 15) for all values of r > B. Moreover, (2.16) shows that r = B corresponds to areal radius R = 0, hence the range 0 < r < B is unphysical. The Ricci scalar (2.9) is singular at R = 0. In this parameter range the spacetime always hosts a naked central singularity if ω = 0. The details of the geometry near this singularity vary with the value of (C + 1)/λ as described below.
• If 0 < (C + 1)/λ < 1 then dR/dr → +∞ as the spacetime singularity is approached (R → 0 + (or r → B + ).
• If (C + 1)/λ = 0, then 18) as the singularity at R = 0 is approached.
• If (C + 1)/λ < 0, then
tends to zero at the singularity R = 0 or r = B.
Parameter range (C + 1)/λ = 1
We have R(r) = r (1 + B/r) 2 and R(B) = 4B > 0, therefore the range 0 < r < B of the isotropic radius is now physically meaningful. Note that R(r) → +∞ as r → 0 + and that 20) therefore the function R(r) decreases if 0 < r < B, has the absolute minimum R(B) = 4B > 0, and increases for r > B. The equation ∇ c R∇ c R = 0 locating the horizons is equivalent to (1 − B/r) 2 = 0, with r = B a double root. If ω = 0, there is a would-be wormhole throat at r = B (or, at R = 4B) where, however, the Ricci scalar is singular. This finite radius singularity separates two disconnected spacetimes.
If ω = 0, λ > 0, and 0 < C < 1, also the Brans-Dicke scalar diverges at r = B, which means that the effective gravitational constant vanishes. If C < 0 or C ≥ 1, then φ vanishes and the gravitational coupling strength diverges. The case C = 0 has already been discussed for all values of ω. In the context of black holes, the divergence or the vanishing of the Brans-Dicke scalar denotes "maverick" black holes which are contrived, unstable, or pathological and are usually discarded as unphysical (e.g., [20] ) and the same criterion should be adopted for wormholes (naked singularities are already unphysical).
Parameter range
In this case the equation
has the two roots (2.12), which are both positive. It is straightforward to see also that
The areal radius
as r → B + , hence the range r < B of the isotropic radius is unphysical and we ignore the root r (−) < B. The apparent horizons are located at the roots of the equation
Ignoring the root r = B, which corresponds to R = +∞, r = r (+) > B is a double root and we have a wormhole throat at r (+) . As seen earlier, the Ricci scalar (2.9) is singular at r = B if (C + 1)/λ < 2 and ω = 0, but this singularity is actually pushed to infinity since r → B + corresponds to infinite physical radius R hence this is an acceptable solution. The Ricci scalar is regular for (C + 1)/λ ≥ 2.
B. Einstein frame class I solutions
The Einstein frame metric and free scalar field are
(2.25)
The areal radius and its derivative arẽ 28) while the Einstein frame Ricci scalar (obtained by contracting the field equations (1.8)) is
If (C + 2)/λ < 4, the Ricci scalar is singular at r = B (and it is always singular at r = 0 unless C = 0, in which case it isR = 0).
and has the same roots In this case it is
andR(r) → 0 + as r → B, hence the range 0 < r < B is unphysical, whileR(r) → 0 + as r → +∞. The roots r (±) are negative and the Ricci scalar diverges atR = 0, where there is a naked singularity. vanishes as r → B and diverges in both limits r → 0 + and r → +∞. It could seem that there is a wormhole throat at r = B but the Ricci scalar diverges there. Also this geometry hosts a naked singularity atR = 0.
andR(r) → 0 + as r → B whileR(r) → +∞ as r → +∞. There are no real roots r (±) and no horizons. The Ricci scalar diverges atR = 0, where we have again a naked singularity. has the limitsR → +∞ as r → 0 + andR → +∞ as r → +∞. There is a wormhole throat atR = 4B, the minimum value ofR.
Parameter range
Both double roots r (±) are positive and
diverges in both limits r → B + and r → +∞, hence the range 0 < r < B is unphysical. In this parameter range it is 0 < r (−) < B < r (+) and there is a wormhole throat at r (+) .
III. BRANS CLASS II SOLUTIONS A. Jordan frame class II solutions
There is a duality relating class II and class I solutions [14, 15] , so these two classes are not independent. We shall come back to this duality in Sect. VI below. The Jordan frame Brans class II line element and scalar field are
where
This implies that C = 0, hence this value of the parameter C will not be considered in the following even though it is clear that it would play a role if the inequality (3.3) is forgotten. Indeed, note that if Λ and B are allowed to take simultaneously imaginary values, then setting C = 0 will just turn the metric (3.1) into the Schwarzschild metric (2.4) written in isotropic coordinates. We shall come back to this remark in Sect. VI. Let us examine the possible range of the parameters B, C, and Λ. The points of the parabola Λ 2 (C) = − ω 2 + 1 C 2 − C − 1 must lie in the positive Λ 2 halfplane. This parabola has concavity facing downwards and it intersects the C-axis at
There are no such intersections if ω > −3/2 and two coincident intersections if ω = −3/2; we conclude that it must be ω < −3/2 for class II solutions to exist in the Jordan frame. Assuming this condition, it is easy to see that:
• If −2 < ω < −3/2 (corresponding to −(1 + ω/2) < 0), the parameter C must lie in the range C − < C < C (+) .
• If ω = −2, the parabola degenerates into the straight line Λ 2 (C) = − (C + 1) and it must be C < −1.
• If ω < −2, it must be C < C − or C > C + .
The Ricci scalar is
The only possible singularity of the Ricci scalar R can occur as R → 0. The areal radius is
(3.
The roots of the equation dR/dr = 0 are
Let us examine their sign, keeping in mind that
has concavity facing upwards and crosses the r-axis at r (−) and r (+) , with r (−) < 0 < r (+) . Therefore dR/dr < 0 and the function R(r) decreases if 0 < r < r (+) , it has an absolute minimum at r (+) , and increases for r > r (+) .
• If ΛB < 0, the parabola ψ(r) still has concavity facing upward but now r (+) < 0 < r (−) and the discussion is the same as in the previous case provided that the switch r (+) ↔ r (−) is made.
The equation ∇ c R∇ c R = 0 locating the horizons becomes
The roots are the same as for the equation dR/dr = 0 and, when they are real and positive, they are always double roots. This fact implies that there are no black hole horizons and that class II solutions do not describe black holes but only wormhole throats or naked singularities. Further, the roots r (±) can be written as
and the inequality (3.3) implies that C 1 − 
We can now analyze all the possibilities for the two parameters B and Λ.
1. Parameter range B > 0, Λ > 0
When B > 0 and Λ > 0, it is r (−) < 0 < r (+) and there is a double root r (+) marking the location of a wormhole throat. The same situation occurs when B < 0 and Λ < 0.
2. Parameter range B > 0, Λ < 0 When B > 0 and Λ < 0, it is r (+) < 0 < r (−) and there is a wormhole throat at r (−) . The same situation occurs when B < 0 and Λ > 0.
Limit to GR
Finally, let us consider the limit to GR of Brans II solutions. Since ω < −3/2, the limit should be ω → −∞, which implies that Λ 2 ≈ −ω C 2 /2 → +∞ (remember that C = 0). In this limit the Brans-Dicke scalar (3.2) becomes constant but the line element reduces to 
for each value of the physical areal radius R, which implies that it must be R ≥ 2|B|. The equation locating the apparent horizons
has the double root r = |B| (corresponding to R = 2|B|). There is always a wormhole throat in this spacetime, which is not the spherically symmetric, static, asymptotically flat, vacuum solution of GR (i.e., Schwarzschild space). Therefore, the limit ω → −∞ fails to reproduce the GR limit even though the Brans-Dicke scalar becomes constant.
B. Einstein frame class II solutions
The Einstein frame class II line element and scalar field are 
The areal radius and its derivative arẽ 22) while the Ricci scalar is
and is never singular. The equation ∇ cR ∇ cR = 0 locating the horizons is and, when its roots
are real and positive they are always double roots, hence there can only be either wormhole throats or naked singularities.
Parameter range B(C + 2)/Λ < 0
It is r (+) < 0 < r (−) andR(r) → +∞ as r → 0 + , whilẽ R(r) → +∞ as r → +∞. There is a wormhole throat at r (−) .
Case C = −2
It is r (±) = ±B andR(r) = 1 + B 2 /r 2 r has the limitsR(r) → +∞ as r → 0 + andR(r) → +∞ as r → +∞. There is a wormhole throat at r = |B| (corresponding to physical radiusR = 2|B|).
In this case we have r (−) < 0 < r (+) andR(r) → +∞ in both limits r → 0 + and r → +∞. There is a wormhole throat at r (+) .
IV. BRANS CLASS III SOLUTIONS
Although it is claimed that the class III family does not admit wormholes [24] , this is not the case, as shown below.
A. Jordan frame class III solutions
The line element and Brans-Dicke scalar of Jordan frame class III Brans solutions are, respectively, We can rewrite the line element (4.1) using the areal radius R instead of the isotropic radius r by means of the substitution
which yields
(4.7) The horizons, when they exist, are located by the equation ∇ c R∇ c R = 0, which becomes simply g RR = 0, or
There is a double root
when this quantity is positive, with corresponding areal radius
Therefore, there are either zero or two coincident real roots and there can not be black holes: Brans class III solutions always describe naked singularities or wormholes. The Ricci scalar is
Let us examine the various possibilities for the range of parameters B and C. as R → 0 + . Therefore, there is a naked singularity at R = 0.
Parameter range C > −1, B > 0
In this case the areal radius R(r) → +∞ as r → +∞ and R(r) → +∞ as r → 0 + . Its derivative dR/dr is negative, and R(r) decreases, for 0 < r < r H . R(r) has the absolute minimum R H = eB(C + 1) > 0 at r H , and increases for r > r H . The double root r H of the equation ∇ c R∇ c R = 0 is positive and there is a wormhole throat at r H , where the Brans-Dicke field (4.2) assumes the finite value φ H = φ 0 e − C C+1 and it becomes constant if C = 0 (the C = 0 solution is treated below in the discussion of the limit to GR).
Special subcases are:
• C > 0, B > 0, in which the Brans-Dicke scalar is a finite and decreasing function of r for all values of this coordinate. Its derivative with respect to the areal radius is
as r → r H . Therefore, for r < r H (or R > R H in the "left branch" of R), it is dφ/dR > 0, with dφ/dR → +∞ as r → r − H . For r > r H (or R > R H in its "right branch"), instead, it is dφ/dR < 0 with dφ/dR → −∞ as r → r + H . The Brans-Dicke scalar has a cusp, but remains finite, at the horizon R H where it attains its maximum value, which means that the effective gravitational coupling
is maximum there).
• −1 < C < 0, B > 0: in this case the Brans-Dicke scalar
is an increasing function of the isotropic radius r and its derivative with respect to the areal radius is
We need to further distinguish the situation −1 < C ≤ −1/2, in which
as the wormhole throat is approached when r → r H . In this case dφ/dR is negative for 0 < r < r H , vanishes at r H , and is positive for r > r H . The BransDicke scalar is minimum and finite, but has a cusp (and G eff is maximum) at the wormhole throat.
3. Parameter range C > −1, B < 0
In this case it is R H = eB (C + 1) < 0 and there are no horizons and no wormhole throats. Since dR/dr is always negative the areal radius is the decreasing function of the isotropic radius
The limit r → 0 + corresponds to R → +∞, while r → +∞ corresponds to R → 0 + . The Ricci scalar is
as R → 0 + . Therefore, there is central naked singularity for these parameter values. In this case we have R = B 2 /r and the line element becomes
The spatial sections are flat and there are no horizons. The limits r → 0 + and r → +∞ corresponds to R → +∞ and R → 0 + , respectively. Both the Ricci scalar and the Brans-Dicke scalar field
diverge as R → 0 + : there is a naked singularity at R = 0.
Parameter range
This situation is identical to the case C > −1, B > 0.
Limit to GR
Finally, let us discuss the limit to GR ω → −∞, which yields C → 0. In this limit the Brans-Dicke scalar (4.2) becomes constant and the line element reduces to
There is a wormhole throat at the horizon R = R H = eB. Also for Brans III solutions, the limit in which φ becomes constant does not reproduce the corresponding solution of GR.
B. Einstein frame class III solutions
In the Einstein frame the line element and scalar of class III solutions are, respectively,
25) 28) while the Einstein frame Ricci scalar is
and has the double root
(if C = −2 there are no roots).
Parameter range B/(C + 2) > 0
In this range of parameters the double root r * is positive and the areal radiusR(r) diverges in both limits r → 0 + and r → +∞. There is a wormhole throat at r * , corresponding toR * = eB(C + 2)/2. In this case there are no horizons, the areal radiusR(r) tends to zero value as r → +∞, where the Ricci scalar diverges, and to infinity as r → 0 + . There is a naked central singularity.
In this case there are no horizons and the areal radiusR(r) = B 2 /r behaves as in the previous case. The Ricci scalar diverges again atR = 0 and there is a naked central singularity.
V. BRANS CLASS IV SOLUTIONS
There is another duality relating class III and class IV solutions [15] . We shall come back again to this duality in Sect. VI. Brans IV solutions were examined, for a restricted range of parameters, 2 in the recent Ref. [39] 
is the root of the equation dR/dr = 0 and R H = e r H is the corresponding value of the areal radius. The isotropic radius (5.6) is also the double root of the equation locating the horizons ∇ c R∇ c R = 0, which becomes (1 − r H /r) 2 = 0. When r H is real and positive the solution describes a wormhole, otherwise there are no horizons and no black holes. The Ricci scalar is
In this case r H = |B(C + 1)| > 0 and the areal radius
| r diverges as r → 0 + and as r → +∞; it decreases for 0 < r < r H , assumes its minimum value at r H and increases for r > r H . We have a wormhole throat at R H = eB(C + 1), at which φ and R are finite (see [39] for further discussion). This situation corresponds to ω = −2, which is excluded by eq. (5.3) . However, one could think of considering the formal line element (5.1) without reference to its derivation in [8] , that is, 10) for which areal and isotropic radius coincide, and which has flat spatial sections. The Ricci scalar
diverges as R → 0 and there is a naked singularity.
The GR limit
The GR limit should correspond to ω → −∞, which implies that C → 0 and r H → B. The scalar field becomes constant in this limit, the line element reduces to 12) and the areal radius is R(r) = re If B < 0, it is r H < 0 and there are no horizons. the areal radius R(r) → 0 as r → 0 + and R(r) → +∞ as r → +∞. The Ricci scalar diverges at R = 0: there is a central naked singularity.
In either case the limit in which φ becomes constant fails to reproduce the corresponding GR solution.
B. Einstein frame class IV solutions
The Einstein frame line element and scalar field for class IV solutions are The equation ∇ cR ∇ cR = 0 becomes (r − r * ) 2 = 0, where
is the only root and a double root.
1. Parameter range B(C + 2) < 0
In this case r * < 0 and there are no horizons. The areal radius has the limitsR(r) → 0 + as r → 0 + , where the Ricci scalar diverges, andR(r) → +∞ as r → +∞. There is a naked central singularity.
In this case r * > 0, andR(r) → +∞ in both limits r → 0 + and r → +∞. There is a wormhole throat at physical radiusR * = eB(C + 2)/2.
In this case areal radius and isotropic radius coincide and the Ricci scalar diverges asR → 0 + . There is a naked central singularity.
VI. THE DUALITIES
As mentioned above, Brans solutions are not actually all independent as there are dualities relating pairs of the solution classes [14, 15] . There is a duality relating classes I and II and there is another duality relating classes III and VI. It is therefore not surprising to find the same pattern concerning the existence of wormholes and/or naked singularities within a pair of solutions related by such a duality. It is also not a coincidence that all the Brans classes fail to recover the GR limit as ω → ∞.
Furthermore, as we shall see shortly, these dualities are akin to the duality one finds for the Schwarzschild black hole solution when the latter is written in isotropic coordinates. Indeed, it is well known that the Schwarzschild metric in isotropic coordinates is self-dual under the inversion r ↔ B 2 /r, as it can easily be verified using the metric (2.4). This fact might actually have been expected as the Schwarzschild solution in isotropic coordinates is recovered either from class I or class II when the parameter C vanishes as we saw in eq. (2.4) and in the remark below eq. (3.3), respectively, for then the Brans-Dicke field φ becomes a constant. The same observation also applies to the case of classes III and IV, as the latter reduces to the Minkowski spacetime for B = 0 while the former reduces, for B → ∞ (C cannot vanish for these classes), to a Minkowski spacetime whose radial coordinate r has been inverted to 1/r. All these observations remain valid when going to the Einstein frame.
The duality transformation that relates class III to class IV is the following inversion,
Notice that the form of the duality transformation displayed here is slightly different from that given in Ref. [15] . The dimensions here are correct as the parameter B has the same dimensions of length as r. In fact, by a straightforward substitution, one easily recovers in the Jordan frame the metric (4.1) from the metric (5.1), and vice-versa, thanks to this transformation of the coordinate r. In the Einstein frame one also recovers the metric (5.14) from the metric (4.25) using such an inversion. The effect of this inversion is easily seen by comparing the location of the would-be wormholes' throats (4.9) and (5.6) in the Jordan frame and (5.18) and (4.31) in the Einstein frame; one just being the inverse of the other up to the factor B 2 as dictated by the inversion (6.19) .
The duality transformation that relates class I to class II is,
Here also, our notation differs from that of Refs. [14, 15] in that we used B 2 for the r-inversion in order to get the dimensions right. In fact, by a straightforward substitution, one easily recovers in the Jordan frame the metric (3.1) from the metric (2.1), and vice-versa, thanks to these three transformations. The same applies to the metrics (2.25) and (3.19) in the Einstein frame.
In contrast to the case of classes III and IV, however, the effect of the duality transformation (6.20) is not to make the radii (2.12) and (3.8) of the would-be wormhole throats in the Jordan frame inverse of each other. The same applies to the case of the radii (2.31) and (3.25) of the would-be wormholes in the Einstein frame. In both cases, one is recovered from the other just by making the substitutions (6.20) on Λ and B but the resulting radii are not inverse of each other. This could easily be understood by the fact that, in contrast to classes III and IV which admit as a limit the Minkowski spacetime, classes I and II admit as a limit the Schwarzschild metric which is already self-dual under the inversion r ↔ B 2 /r in isotropic coordinates. Now, since the parameter B has the dimensions of length and the parameters λ and Λ both appear in exponents inside the metrics (3.1) and (2.1), it might seem unphysical to change these parameters into imaginary entities. Note, however, that the meaning we give to the parameter B cannot be taken independently from the parameter λ in class I or independently from the parameter Λ in class II. In fact, as we saw in eq. (2.4), for C = 0 the parameter B becomes the mass parameter of the Schwarzschild solution if λ = 1, whereas for λ = −1 it is the parameter −B that should be interpreted as the Schwarzschild mass parameter in eq. (2.6). The same applies for class II whose metric (3.1) reproduces the Schwarzschild metric in isotropic coordinates only when both Λ and B become imaginary.
Finally, one might wonder at this point if there still exists another duality transformation that might relate one pair of classes to another pair. The answer is no and the reason is the following. The fact that one pair of solutions (classes I and II) reduces to the Schwarzschild metric for a specific value of the parameter C and the other pair (classes III and IV) reduces to the Minkowski spacetime for a specific value of the parameter B is what forbids the existence of any duality between the two pairs. In other words, as there is no duality between the curved Schwarzschild spacetime and the flat Minkowski space-time, no duality could exist between the first pair and the second pair either.
VII. CONCLUSIONS
We have verified explicitly that the Brans classes I-IV of solutions [8] of Brans-Dicke theory [1] always describe either wormholes or else horizonless geometries containing naked singularities, and they never describe black holes, in agreement with the Agnese-La Camera theorem [10] and with Hawking's theorem on Brans-Dicke black holes [19] [20] [21] . Ambiguity and confusion lingering in the literature about the nature of these solutions and apparent contradictions with the theorems mentioned above are thus eliminated once and for all. Spacetimes harboring naked singularities are unphysical since one cannot prescribe regular initial data in the presence of a naked singularity and the initial value problem fails, leaving the theory void of predictability and wormholes as the only remaining Brans solutions. Wormholes are exotic objects which require the energy conditions to be violated. The Brans solutions are vacuum solutions and the Brans-Dicke scalar acts as the only form of effective "matter" once the field equations are written as effective Einstein equations, as in eq. (1.3). It is well known that a non-minimally coupled scalar field and the Brans-Dicke scalar can violate all of the energy conditions, therefore it is no surprise that one can obtain wormholes as solutions of vacuum Brans-Dicke theory, as has already been remarked in the literature.
No Jordan frame solution of any Brans class has the correct limit to GR, which lends a word of caution on using these solutions as toy models, since they are rather pathological. The reason for their failure to reproduce the corresponding GR solution (i.e., the Schwarzschild geometry) is by now well understood, as recalled above.
The Einstein frame versions of the Brans solutions, naturally, describe only spacetime geometries containing either wormholes or naked singularities. It is interesting that a wormhole can sometimes be conformally transformed to a naked singularity or vice-versa. These instances and the general reasons why they occur were analyzed in detail in the recent Ref. [39] , using Brans IV solutions as an example. The present work provides more examples.
